MULTIPLE REPRESENATIONS 1

How to Make ‘More’ Better? Principles for Effective Use of Multiple Representations to
Enhance Students’ Learning about Fractions
1. Introduction
We often use visual representations to support mathematical thinking. Data visualizations

are used in statistics, function graphs in algebra, and schematic drawings in geometry—the
examples are boundless. Indeed, abundant theoretical work (e.g., Ainsworth, 2006; National
Research Council [NRC], 2006; Schnotz, 2005; Uttal & O’Doherty, 2008) as well as empirical
work (see Rau, 2016 for a summary) supports this practice, suggesting that adding visual
representations (e.g., graphs and other illustrations) to text-based representations (e.g., word
problems) and symbolic representations (e.g., equations) can enhance students’ learning.
Because no single visual representation perfectly depicts the complexity of mathematical
concepts, instructors often use multiple visual representations, where the different representations
emphasize complementary conceptual aspects. For example, students learning about fractions
typically encounter visual representations like those in Figure 1: circle diagrams show fractions
as parts of an inherent whole, whereas number lines show fractions as measures of relative
magnitude (Kieren, 1993; Post, Behr, & Lesh, 1982). Instructors may use visual representations
(1) to familiarize students with visual conventions commonly used in the mathematics
community, (2) to illustrate abstract complex concepts, (3) to enlarge the set of tools students
have for engaging mathematics, and (4) to leverage students’ subjective preferences and
expertise (see Acevedo Nistal, Van Dooren, Clarebout, Elen & Versschaffel, 2009; Singer,
2007).

---Figure 1---
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However, multiple visual representations are not always more effective for promoting
learning (Rau, Aleven, & Rummel, 2015). It is critical to remember that—even if a visual
representation is more concrete than a symbolic representation—the visual representation
nevertheless remains something that stands for a referent (i.e., what the representation is meant
to depict) in the mathematical domain. Unfortunately, relations between visual representations
and their referents are often opaque, leading to difficulties learning with them (e.g., Ainsworth,
Bibby, & Wood, 2002; diSessa, 2004; NRC, 2006). These difficulties are implicated in the
representation dilemma (Rau, 2016): On the one hand, students have to learn domain knowledge
from visual representations. For example, students can learn from the line graph in Figure 2 that
the distance a rock dropped off a cliff travels in a given time interval increases as time increases.
On the other hand, students have to learn about the visual representations; namely about its
relationship to the referent. In learning about the graph in Figure 2, they must learn what each
axis represents and how to coordinate between the two. The representation dilemma presents a
major educational challenge: Students are often expected to use unfamiliar visual representations
to learn about unfamiliar concepts.

---Figure 2---

To overcome this dilemma, students need representational competencies: knowledge and
skills that enable them to use visual representations to reason about and solve tasks (NRC, 2006).
The goal of this article is to present instructional principles that can help students acquire
representational competencies while they learn domain knowledge, thereby ensuring that ‘more’
(multiple) visual representations lead to better learning outcomes. This article seeks to close a
gap between prior research on learning with visual representations that has, by and large, focused

on learning with text and a single type of visual representation (see Rau, 2016), and the
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recommendation by mathematics practice guides to use multiple visual representations (National
Council for Teachers of Mathematics [NCTM], 2000, 2006; National Mathematics Advisory
Panel [NMAP], 2008; Siegler et al., 2010). To close this gap, we review extant research on
representational competencies and summarize principles that can guide instruction in accounting
for students’ representational competencies.

Although the principles we present should apply broadly, in this article, we chose the
domain of fractions for illustrative purposes. We chose fractions for two reasons: First, recent
literature has detailed how critical fractions knowledge is for ensuring success in later
mathematics (e.g., Siegler, Schneider & Thompson, 2011). Second, fractions represents a
complex domain with many aspects that are differentially highlighted by alternate choices of
representation (Behr, Post, Harel, & Lesh, 1993; Ohlsson, 1988). As such, thorough
understanding can only be reached by use of multiple representations which support learning of
complementary aspects of the domain. To support our argument, we rely heavily on the first
author’s work with the Fractions Tutor: an intelligent tutoring system for fractions learning that
focuses on supporting students’ representational competencies (e.g., Rau et al., 2015).

2. Why Multiple Representations: Complementary Conceptual Advantages of Visual
Representations of Fractions

The mathematics education literature suggests that visual representations fundamentally
shape how students conceptualize fractions (Charalambous & Pitta-Pantazi, 2007). Moreover,
instruction tends to use a multiplicity of representations of fractions—in part because fractions
are a notoriously complex domain. Knowledge of fractions and rational numbers can be seen as a
“mega-concept” composed of several subconstructs or alternative interpretations (Behr et al.,

1993; Ohlsson, 1988). For instance, Behr and colleagues (1993) suggest at least six conceptual
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ways to interpret fractions: (1) parts of a whole, (2) decimals, (3) ratios, (4) quotient, (5)
operators, and (6) measurements.
---Figure 3---

Visual representations appear to differ in their capacity to help students understand
different aspects of fractions knowledge (Charalambous & Pitta-Pantazi, 2007; Kieren, 1993).
Arguments for the merits and limitations of various visual representations for fractions are
abound: Cramer and Wyberg (2009) argued discrete models, such as chip models (see Figure 3-
d) may be well-suited to illustrate part-whole concepts (e.g., one of four sections is shaded), but
may not be well-suited for helping children understand fractions as numbers with specific
magnitudes. On the other hand, they found that area representations (e.g., circles, rectangles) can
help students understand the role the denominator for the size of a fraction, but are less helpful in
supporting estimation with fractions. Some (e.g., Cramer, Wyerg, & Leavitt, 2009) have argued
that circle representations are the most powerful concrete representation because the whole circle
inherently serves as a unit while illustrating both part-whole concepts and the meaning of the
relative sizes of fractions. Siegler and colleagues (2011) have argued that number lines are most
powerful because they help support an integrated model of numerical magnitude that unites
fractions with all real numbers. Others have argued that vector representations—specifically their
slopes—are particularly efficient at helping students understand the relational nature of the way
fractions concatenate numerators and denominators (Ohlsson, 1988).

In sum, even these cursory reflections on the vast literature on fractions learning reveal
that no single visual representation can convey the multiplicity of related but only partially
overlapping ideas that constitute the fractions mega-concept (Ohlsson, 1988). Failure to make

connections among these representations may lead students to rely exclusively on one conceptual
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interpretation, which can constrain understanding (Behr et al., 1993; Kieren, 1993). An example
of a prominent misconception is the whole number bias. Reliance on symbolic representations of
fractions is associated with the whole number bias, whereby students misapply concepts and
procedures that are appropriate for whole numbers but inappropriate for fractions (see Ni &
Zhou, 2005 for a review). For example, Mack (1995) found that 6"-grade students typically
claimed that 1/8 was greater than 1/6 because 8 is greater than 6. Boyer, Levine, and Hutenlocher
(2008) found a similar whole number bias for 4" -grade students when comparing visual
representations of fractions composed of partitioned bars. This bias was much less prevalent
when comparisons were presented with unpartitioned bars than with partitioned bars. Therefore,
it has been argued that heavy reliance of instruction on visual representations with easily
countable pieces may be suboptimal in helping students overcome the whole number bias
(Lewis, Matthews, & Hubbard, 2015). Consequently, exposing students to a variety of visual
representations may help them understand abstract concepts (Singer, 2009). Therefore, fractions
instruction needs to help students take advantage of multiple visual representations to build
robust understanding without being confused by the multitude of perspectives.
3. Representational Competencies

Prior research on learning with multiple representations in a variety of domains suggests
that students can only take advantage multiple visual representations if they acquire a number of
representational competencies (for an overview see Rau, 2016). Table 1 provides a summary of
these representational competencies (discussed in this section) and of design principles for
instructional interventions that can support these competencies (section 4).

3.1. Visual understanding
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Visual understanding is the ability to make sense of a visual representation by mapping
its visual features to information relevant to understanding the target domain (Ainsworth, 2006;
Schnotz, 2005). Learners are more likely to establish mappings between visual representations
and referents they show if the representations’ visual features look similar to their referents
(Gentner & Markman, 1997). However, similarity-based mappings may not necessarily be
correct or relevant. Therefore, acquiring visual understanding involves learning principles that
allow students to distinguish conceptually relevant from irrelevant visual similarities between the
representation and the referent. For example, students using the circle diagram in Figure 1 may
learn the general principle that circle diagrams depict fractions as the ratio of the shaded area
relative to the whole area, which can be quantified as the number of equally-sized shaded
sections relative to the total number of sections. A relevant feature is that the sections are equally
sized, whereas an irrelevant feature is the specific color of the sections. The student may then
apply this understanding to circle diagrams using different colors.
3.2. Visual fluency

Students also need to acquire visual fluency with each individual visual representation.
Visual fluency is the ability to quickly “see” what a visual representation shows with minimal
mental effort (Airey & Linder, 2009; Kellman & Massey, 2013). Domain experts exhibit such
fluency, perceiving information more efficiently than novices (e.g., Chi, Feltovitch, & Glaser,
1981). Thus, experts can often “see at a glance” what a representation shows without any
perceived mental effort. Developing visual fluency frees cognitive resources, allowing students
to engage in higher-order conceptual thinking (Gibson, 2000; Kellman & Massey, 2013). Visual
fluency involves high efficiency in recognizing perceptual patterns (Kellman & Massey, 2013)

that results from perceptual chunking. Relevant visual features activate a corresponding schema
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from long-term memory that constitutes the relevant concepts (Taber, 2013). Thus, visual
fluency allows students to make direct one-on-one mappings between perceptual chunks and
concepts (Koedinger et al., 2012).
3.3. Connectional understanding

Third, students need to acquire connectional understanding: the ability to make
conceptual connections between multiple visual representations (Ainsworth, 2006). Connection
making involves mapping corresponding features across different visual representations
(Schnotz, 2005). As mentioned, visual representations use features that may be somewhat similar
to the referent. Hence, students may make connections based on similarity-based mappings.
However, not all of these similarities are conceptually relevant. Some of them are incidental
similarities (i.e., surface similarities, such as the fact that both the circle and the rectangle in
Figure 1 are shaded). When relevant, these similarities can make it easier for students to make
connections (DeLoache, 2000; Gentner & Markman, 1997); but if these similarities are not
conceptually relevant, they may lead students to make incorrect connections. Therefore, teaching
connectional understanding involves training students to distinguish surface-level similarities
from conceptually relevant similarities among visual representations. Connectional
understanding also involves the ability to make sense of how one visual representation can
constrain the interpretation of the second representation, and how they complement one another
in depicting information (Ainsworth, 2006; Rau, 2016). That is, students learn to explain
correspondences between visual representations (i.e., how both show similar information about
domain-relevant concepts), and differences between them (i.e., how they show different
information about the concepts).

3.4. Connectional fluency
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Fourth, students need to acquire connectional fluency: the ability to perceive common
patterns across different visual representations, to induce information from multiple visual
representations without considerable mental effort, and to flexibly translate between visual
representations (Airey & Linder, 2009; Kellman & Massey, 2013). For example, a fractions
expert might see “at a glance” that the circle in Figure 1 and the number line in Figure 1 show
about 1/2 of some unit. That is, the fractions expert is highly fluent in perceiving information in
multiple visual representations and in seeing patterns they have in common. Connectional
fluency is analogous to visual fluency (Kellman & Massey, 2013): Students gain efficiency by
learning to treat the entire analog internal representation as one perceptual chunk instead of
mapping particular analog features to one another. Hence, connectional fluency means that
students can make simple one-on-one mappings between perceptual chunks obtained from
different visual representations.

4. How to Support Students’ Representational Competencies through Instructional
Interventions?

We have investigated principles that describe effective designs of instructional
interventions that help students acquire the representational competencies just described in the
context of fractions learning (see Table 1 for a summary).

4.1. Supporting visual understanding — Prompt students to explain how each visual
representation depicts concepts

According to cognitive theories of learning, the acquisition of sense-making
competencies engages a specific type of learning process: namely, sense-making processes
(Koedinger, Corbett, & Perfetti, 2012; Rau, 2016). Sense-making processes are typically verbally

mediated because they involve explanations of principles by which visual representations depict
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conceptually relevant information (Koedinger et al., 2012). They are explicit in that students
have to willfully engage in them (diSessa & Sherin, 2000). To help students engage in sense-
making processes, instructional interventions should ask students to reason about how the given
visual representation depicts information. Hence, learning principle 1 suggests that instruction
should engage students in explicit sense-making processes aimed at explaining how each visual
representation depicts concepts.

Prior research in a variety of domains has investigated how best to design instructional
materials so as to enhance visual understanding. Two design guidelines emerge from this
research. First, prompting students to self-explain how the visual representation corresponds to
text-based explanations has been found to be effective (Ainsworth & Loizou, 2003; Seufert,
2003) (guideline 1.1). To this end, students may be asked to self-explain what concept a specific
visual feature depicts (e.g., the number of shaded sections in a circle diagram depict the
numerator of a fraction), to explain how the visual representation shows domain-relevant
concepts (e.qg., circle diagrams show that a fraction is a portion of a unit), or to fill in information
from a visual representation into a text-based version of the same information (e.g., translating
the information shown in a circle diagram into a word problem in which two people share a
pizza). Self-explanation prompts have been shown to be particularly effective if they help
students focus on “why”’-questions, because this may elicit self-explanations of principled
knowledge (Berthold & Renkl, 2009). Further, self-explanation prompts are more effective if
they ask students to self-explain specific connections than if they are open-ended (Berthold,
Eysink, & Renkl, 2008; van der Meij & de Jong, 2011).

A second design guideline regarding the support of visual understanding is that students

should actively establish the relations between the visual representation and the concepts they
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show by themselves (guideline 1.2). Research shows that students show higher learning
outcomes if they actively create mappings between visual representations and text describing the
target concepts than if they receive pre-made mappings (Bodemer & Faust, 2006).

Figure 4 shows an example of how these design guidelines can be implemented in
instructional materials for fractions learning. This example is taken from the Fractions Tutor, the
intelligent tutoring system for fractions learning mentioned above (Rau et al., 2015). In this
example, students are prompted to self-explain how number lines show fractions principles (e.g.,
the more sections a number line is partitioned into, the smaller the sections become, which
explains the inverse relationship between the size of the denominator and the fraction’s
magnitude). Further, students are asked to actively establish these mappings themselves because
they have to fill in gaps to respond to self-explanation prompts.

---Figure 4---

Rau and colleagues (2015) evaluated the effectiveness of such self-explanation prompts
with the Fractions Tutor. 61-grade students (N = 112) were randomly assigned to work with one
of four versions of the Tutor: (1) one using a single visual representation (namely, number lines)
but no self-explanation prompts, (2) one using multiple visual representations (number lines,
circles, rectangles, etc.) but no self-explanation prompts, (3) one using a single visual
representation with prompts to self-explain connections between the visual representation and
concepts, and (4) one with multiple visual representations and self-explanation prompts. In the
versions with multiple visual representations, only one visual representation was provided at a
time, but different ones over a sequence of problem-solving activities. Results showed that using
multiple visual representations enhanced students’ performance on a test of fractions knowledge

compared to individual representations — but only if they were combined with self-explanation
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prompts. Put differently, without self-explanation prompts, students did not benefit from the
multiplicity of visual representations.

In sum, instructors may implement learning principle 1 by following the two design
guidelines reviewed above. For example, they may ask students to explain how each visual
representation depicts key concepts (e.g., numerator, denominator) or to map visual features of
the representation to the concepts. Because students often struggle in making such mappings,
instructors should check whether students make correct mappings and provide adequate feedback
and assistance.

4.2. Supporting visual fluency — Interleave a variety of visual representations and activity
types

Students acquire visual fluency by engaging in implicit, non-verbal, inductive processes
(Koedinger et al., 2012). Fluency-building processes are inductive because they involve learning
from experience with many examples without explicit instruction (Koedinger et al., 2012). These
processes are considered to be non-verbal because they do not require explicit reasoning
(Kellman & Massey, 2013). They are implicit because the learning processes are unintentional
and unconscious (Shanks, 2005), emerging from experience with many examples (Gibson, 2000;
Kellman & Massey, 2013). Hence, learning principle 2 suggests that instruction should engage
students in implicit fluency-building processes aimed at learning from exposure to various
example representations. We present three design guidelines that can help instructors engage
students in visual fluency-building processes.

First, students should be exposed to numerous examples of the same type of visual
representation, while incidental features vary and conceptually relevant features remain constant

(Massey, Kellman, Roth, & Burke, 2011) (guideline 2.1). This guideline draws on research on
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the interference effect (de Croock, Van Merrienboér, & Paas, 1998), which suggests that
interleaving aspects of a learning task that vary irrelevant features improves students’
understanding of relevant features. This attuning to relevant features of representations does not
require explicit, verbally mediated processes but can happen via implicit, non-verbal forms of
learning (Koedinger et al., 2012).

Second, students should frequently switch between different activities for which the
given type of visual representation is used (Rau, Aleven, & Rummel, 2013) (guideline 2.2). This
guideline also draws on the interference effect: if students encounter the visual representation
across a variety of activity types for which the given representation provides useful information,
students are likely to reactivate their knowledge about which visual features are conceptually
relevant frequently. This process of repeated reactivation enhances the likelihood that they will
be able to recall this knowledge more easily later on, without having to invest mental effort in
doing so (de Croock et al., 1998; Sweller, 1990).

Third, students should frequently switch between different types of visual representations
(Rau, Aleven, Rummel, & Pardos, 2014) (guideline 2.3). Each switch requires that students
reactivate their knowledge about the visual features of a specific visual representation, thereby
increasing the chance that students will be able to quickly access that knowledge later on.

Our research addressed the practical question of how to combine or prioritize these
principles. Specifically, when forced to make a decision, is it more important to interleave the
types of activities or to interleave the types of representations? One experiment with 5"- and 6'"-
grade students (N = 158) tested whether switching frequently between visual representations is
more important than frequently switching between activity types, or vice versa (Rau et al., 2013).

The experiment compared a version of the Fractions Tutor in which students frequently switched
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between visual representations but switched less frequently between activity types (e.g., a block
of successive fraction conversions using circle, rectangle, and number line representations;
followed by a block of addition using the three representations; followed by a block of
subtraction using the three representations) to a version in which students frequently switched
between activity types but not between visual representations (e.g., a block of circle activities on
fraction conversion, addition, and subtraction; followed by a block of rectangle activities on the
three activity types; followed by a block of number line activities on the three activity types).
Students showed higher learning outcomes if they had frequently switched between activity
types rather than visual representations. This result suggests that when instructional materials
involve multiple activity types and multiple visual representations, it is more important to
interleave activity types (guideline 2.2) than visual representations (guideline 2.3).

A follow-up experiment with 4"~ and 5"-grade students (N = 230) tested whether—in
addition to interleaving activity types—the types of visual representations should also be
interleaved (Rau et al., 2014). The experiment compared four versions of the Fractions Tutor that
switched between visual representations after each activity, after every six activities, after 36
activities, or with gradually increasing frequency. All versions frequently switched between
activity types. Students showed higher learning outcomes when they switched visual
representations after every activity, compared to the other sequences. This result suggests that
visual representations should be interleaved (guideline 2.3) in addition to activity types
(guideline 2.2).

Many curricula implement learning principle 2 by “spiraling” through (i.e., switching
frequently between) different topics (Harden & Stamper, 1999), but they do not necessarily

switch frequently between visual representations. Instructors may consider altering the sequence
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of problem-solving activities so that both activity types and visual representations are
interleaved.
4.3. Supporting connectional understanding — Prompt students to explain mappings
between multiple visual representations

Similar to visual understanding, connectional understanding is the result of verbally
mediated sense-making processes. Students acquire connectional understanding by engaging in
conceptual, verbally mediated sense-making processes involved in relating visual features of one
representation to visual features of another representation because they show corresponding
conceptual aspects about the domain knowledge. The processes involved in acquiring
connectional understanding are similar to the processes engaged when acquiring visual
understanding, because in both cases, students explain mappings between conceptually relevant
features. However, the nature of mappings is different when students make connections between
multiple visual representations because they involve mappings between multiple visual features,
whereas the mappings discussed above are between one visual feature and a textual or symbolic
feature or an abstract concept. When students make connections between multiple visual
representations, the representations may share visual features that are conceptually relevant, but
they may also share irrelevant surface-level features, which may lead students to make incorrect
connections. Therefore, a student’s ability to make connections between multiple visual
representations may build, at least to some extent, on the student’s visual understanding: the
student needs to conceptually understand how a given visual representation denotes information
and has to be able to distinguish conceptually relevant from irrelevant visual features. In sum,
learning principle 3 suggests that instruction should engage students in explicit sense-making

processes aimed at explaining connections among multiple visual representations.
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Empirical research in a variety of domains has yielded a number of design guidelines for
instruction that supports connectional understanding (guideline 3.1). First, students should
verbally explain which features of the various representations depict corresponding concepts
(i.e., similarities between the representations) and which features show complementary
information (e.g., number lines can more easily depict fractions larger than 1, compared to
circles and rectangles). For example, prompting students to such self-explain mappings has been
shown to enhance learning of domain knowledge (Berthold & Renkl, 2009; van der Meij & de
Jong, 2011).

Second, as with visual understanding, students should actively establish mappings
between visual features of the representations (guideline 3.2).

Third, because students tend to focus on surface features instead of conceptually relevant
features (Ainsworth et al., 2002; Rau et al., 2014), they need assistance in identifying relevant
perceptual features (guideline 3.3). Such assistance can be provided by giving feedback on
student-generated connections (Bodemer & Faust, 2006; van der Meij & de Jong, 2006) or color
coding (Berthold & Renkl, 2009). Assistance is particularly important for students with low prior
knowledge (Bodemer & Faust, 2006; Stern et al., 2003) and for complex problems (van der Meij
& de Jong, 2006).

Figure 5 shows an example of instructional support for connectional understanding from
the Fractions Tutor. First, students are prompted to explain these mappings (guideline 3.1). To
this end, students receive self-explanation prompts at end of each problem (section C in tutor
screen shown in Figure 5). The prompts ask students to relate the two representations by
reasoning about how they depict fractions. Second, to help students actively establish mappings

between visual representations (guideline 3.2), the Fractions Tutor uses worked examples
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(Renkl, 2005). Students are first presented with a worked example (Figure 5A) that uses a visual
representation they are likely more familiar with to demonstrate how to solve a fractions problem
(e.g., arectangle). Students complete the last step of the worked-example problem (step A.3).
With the worked example still on the screen, they then see an analogous problem requiring them
to use the number line (Figure 5B). Students are prompted to use the rectangle to help them
complete the number line activity, so as to encourage them to establish mappings between
corresponding visual features (e.g., the sections between 0 and the dot in the number line
correspond to the shaded sections in the rectangle because both visual features show the
numerator). Finally, students receive assistance (guideline 3.3) in the form of feedback and on-
demand hints on problem-solving activities and on their responses to self-explanation prompts.
---Figure 5---

An experiment with the Fractions Tutor evaluated the effectiveness of providing support
for connectional understanding (Rau, Aleven, & Rummel, 2016). 4"- and 5"-grade students (N =
428) were randomly assigned to work with one of several versions of the tutor that either did or
did not contain the support for connectional understanding just described. Results showed that a
version of the Fractions Tutor that did include support for connectional understanding yielded
higher learning outcomes on a fractions knowledge test than versions that did not include support
for connectional understanding.

In sum, instructors can implement learning principle 3 by asking students to actively
identify visual features in different visual representations that show corresponding concepts, and
by asking them to explain differences between visual representations, as one may show
information the other one does not. It is likely that students need assistance in explaining these

mappings, especially if the domain is complex. In this case, instructors can provide worked
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examples, but they should make sure students still become active in explaining the connections

in their own words, for instance by prompting students to self-explain the mappings shown in the

worked examples.

4.4. Supporting connectional fluency — Expose students to many opportunities to translate
among visual representations

As with visual fluency, students acquire connectional fluency by engaging in implicit,
non-verbal inductive learning processes. Hence, similar to support for visual fluency, support for
connectional fluency should provide students with experience translating among many example
representations without explicit instruction (Koedinger et al., 2012). Hence, learning principle 4
suggests that instruction should engage students in implicit fluency-building processes aimed at
translating among visual representations.

Research on perceptual learning (Kellman & Massey, 2013) in a variety of domains
provides design guidelines for instruction that supports connectional fluency. First, students
should gain experience in discriminating and categorizing multiple visual representations
(guideline 4.1). Second, students should receive immediate feedback on these discrimination and
classification activities (guideline 4.2). Third, students should practice with many varied example
representations, sequenced such that consecutive examples emphasize relevant visual features
(guideline 4.3).

---Figure 6---

Figure 6 shows an example from the Fractions Tutor that illustrates these guidelines.
First, students are asked to discriminate and categorize visual representations. In Figure 6, they
have to sort the representations provided in the box on the left into sets of equivalent fractions by

dragging them into the boxes on the right. Second, students receive immediate feedback on this
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task (e.g., a green halo indicates the representation was dropped in the correct box). Third,
students receive practice opportunities with many varied visual representations. To encourage
students’ engagement in non-verbal processes, students are instructed to solve the problem
visually by estimating the relative size of the fractions, rather than by solving it conceptually or
computationally.

The previously mentioned experiment with the Fractions Tutor also evaluated whether
providing support for connectional understanding is effective (Rau et al., 2016). A second factor
(i.e., besides support for connectional understanding) was whether or not students received the
support for connectional fluency just described. Results showed that support for connectional
fluency was effective, but only when combined with support for connectional understanding.

In sum, instruction can implement learning principle 4 by exposing students to a variety
of examples of the visual representations and asking students to match representations not by
verbally explaining the connections but by relying on visual features. Many instructional
materials engage implicit fluency-building processes; for instance, there are games in which
students compete with one another as they try to find matching representations depicted on a
screen or on cards. Given the current state of research, it seems important that instructors ensure
that students are exposed to systematic variations of visual features and that they receive
immediate feedback on whether their connections are correct or incorrect. Further, support for
connectional fluency should be combined with support for connectional understanding.

5. Open Questions and Future Directions

Research that uses rigorous psychological methods to investigate how best to help

students acquire representational competencies involved in learning mathematics with multiple

visual representations is still relatively novel. Consequently, there are many open questions that
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future research should address — for the specific domain of fractions and for mathematics
learning more generally. Here we discuss three that we find particularly interesting.

First, we know relatively little about how the different representational competencies
described above build on one another. For example, when students acquire connectional
understanding, is it helpful if they have some level of visual understanding with at least one of
the visual representations? This is an important question because it may suggest alternatives to
relying on text-based representations to help students acquire visual understanding: students may
be able to use a well-understood or privileged visual representation to understand a novel visual
representation and acquire, at the same time, connectional understanding and visual
understanding of the novel representation (see Acevedo Nistal et al., 2009).

Second, our focus has primarily been on how best to use multiple visual representations
without addressing the question of which representations to choose. A second, related question
concerns the possibility that some visual representations may be intuitively more accessible than
others because they align with the structure of human cognitive architecture. For instance,
Tversky, Zacks, Lee, and Heiser (2000; also see Tversky, 2011) hypothesized that some visual
representations convey meaning more intuitively than others because the human brain seems to
be sensitive to perceiving their referents from their physical structures. One obvious example is
spatial iconicity, where graphic space is used to represent scaled versions of real space. To the
extent that privileged representations can be found in specific domains, employing them could
help solve the representation dilemma (but see Acevedo Nistal, et al., 2009 on subjective
factors). Specifically, deploying them as anchor representations might help optimize the web of

meaning that emerges from use multiple representations.
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Privileged representations seem to exist for at least some subconstructs of the
fractions/rational number mega-concept. Research suggests that many mammalian species
possess a dedicated system that can process the magnitudes of nonsymbolic fraction analogs (see
Jacob, Vallentin & Nieder, 2012 for a review). Evidence for these accounts continue to mount, as
sensitivity to nonsymbolic ratio magnitudes has been found by a number of experiments
involving a range of different methods and subjects, including non-human primates
(e.g.,Vallentin & Nieder, 2008), pre-verbal infants (e.g., McCrink & Wynn, 2007), elementary
school-age children (e.g., Huttenlocher, Duffy, & Levine, 2002), and adults (Matthews & Lewis,
in press). Indeed, some research suggests that these nonsymbolic fraction magnitudes are
processed automatically (Fabbri, Caviola, Tang, Zorzi, & Butterworth, 2012; Jacob & Nieder,
2009; Matthews & Lewis, 2016; Yang, Hu, Wu, & Yang, 2015).

---Figure 7---

Indeed, research with young children suggests perceptual sensitivity to nonsymbolic
fraction analogs is preferentially leveraged by a particular class of nonsymbolic representations,
specifically those composed of unpartitioned, continuous components. For instance, Boyer et al.
(2008) compared two versions of a proportion matching task with K-4" grade students. Given a
target proportion (Figure 8, left) students had to select one of two choices (Figure 8, right). They
performed significantly worse when ratios were partitioned into countable pieces, which
encouraged counting (Figure 8a) than when they were unpartitioned (Figure 8b). This finding
suggests that young children possess the necessary perceptual abilities for rudimentary
proportional reasoning but that, partitioned representations are less effective than continuous
representations for supporting this reasoning (see also Boyer & Levine, 2012; Jeong, Levine, &

Huttenlocher, 2007). This body of findings led Lewis et al. (2015) to propose that early fractions
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instruction should incorporate unpartitioned continuous nonsymbolic ratios due to their potential
standing as privileged visual representations.
---Figure 8---

We do not seek to endorse this recommendation; rather, we feel a brief review of this
argument illustrates why research should investigate the possibility that there may be privileged
visual representations when choosing from vast spaces of available visual representations. If
there indeed are privileged representations, they may enhance visual understanding and perhaps
serve as anchors for cultivating connectional understanding, and these in turn may enhance
further representational competencies. The suggestion that some visual representations may be
inherently better-suited than others for communicating their referents in particular domains is
tantalizing, but there is a dearth of research in this area, and the question remains an open one.

Finally, we know relatively little about how specific classroom-based implementations of
the design principles described above affect students’ learning. Many interventions can help
students explain how a given visual representation of fractions depicts information (design
principle 1), in ways that conform to the guidelines described above. For example, an instructor
may have students collaboratively discuss representational conventions and provide assistance in
the form of verbal feedback. Alternatively, an instructor may provide worked examples on
worksheets that ask individual students to identify visual features that show particular concepts
and provide assistance in the form of written feedback. Which implementation is more effective
and why?

To address these open questions, the research community would benefit from reciprocal
collaborations among mathematics education researchers, cognitive scientists, and research-

oriented instructional practitioners. Such collaborations would promote rigorous experiments that
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can evaluate the effectiveness of realistic interventions designed to support representational
competencies in real classrooms over longer periods. For example, our understanding of how
representational competencies allow students to navigate the representation dilemma would
greatly benefit from gathering data about students’ visual understanding and fluency and about
their connectional understanding and fluency over the course of an entire curriculum.
6. Conclusions

Visual representations are powerful educational tools that are commonly used in
mathematics instruction because they have the potential to significantly enhance students’
mathematics learning. However, use of multiple visual representations can also impede students’
learning; for example, if students fail to understand how they depict information or if they fail to
make connections among multiple visual representations. Hurdles to using visual representations
result from the representation dilemma: Students often use unfamiliar visual representations to
learn about unfamiliar concepts. We provided an overview of representational competencies that
allow students to navigate the representation dilemma, using fractions as an illustrative domain.
We presented four learning principles and accompanying design guidelines that can inform
instructional interventions that support students in acquiring these representational competencies.
While the principles we described are based on research in a variety of domains and likely
broadly applicable, we illustrate possible implementations of these principles and provide
evidence for their effectiveness in the domain of fractions. Finally, we described several open
guestions that remain to be addressed. Because representational competences play a key role in
students’ mathematics learning, research that yields principles for the design of supports for

representational competencies is likely to yield more successful mathematics instruction.



MULTIPLE REPRESENATIONS

23



MULTIPLE REPRESENATIONS 24

7. References
Acevedo Nistal, A., Van Dooren, W., Clarebout, G., Elen, J., & Verschaffel, L. (2009).
Conceptualising, investigating and stimulating representational flexibility in

mathematical problem solving and learning: a critical review. ZDM, 41(5), 627-636.

Ainsworth, S. (2006). Deft: A Conceptual Framework for Considering Learning with Multiple
Representations. Learning and Instruction, 16(3), 183-198. doi:
10.1016/j.learninstruc.2006.03.001

Ainsworth, S., & Loizou, A. (2003). The Effects of Self-Explaining When Learning with Text or
Diagrams. Cognitive Science: A Multidisciplinary Journal, 27(4), 669-681.

Ainsworth, S., Bibby, P., & Wood, D. (2002). Examining the Effects of Different Multiple
Representational Systems in Learning Primary Mathematics. Journal of the Learning
Sciences, 11(1), 25-61. doi: 10.1207/S15327809JLS1101 2

Airey, J., & Linder, C. (2009). A Disciplinary Discourse Perspective on University Science
Learning: Achieving Fluency in a Critical Constellation of Modes. Journal of Research
in Science Teaching, 46(1), 27-49. doi: 10.1002/tea.20265

Atkinson, R. K., Renkl, A., & Merrill, M. M. (2003). Transitioning from Studying Examples to
Solving Problems: Effects of Self-Explanation Prompts and Fading Worked-out Steps.

Journal of Educational Psychology, 95(4), 774-783. doi: http://dx.doi.org/10.1037/0022-

0663.95.4.774

Behr, M. J., Post, T. R., Harel, G., & Lesh, R. (1993). Rational Numbers: Toward a Semantic
Analysis - Emphasis on the Operator Construct. In T. P. Carpenter, E. Fennema & T. A.
Romberg (Eds.), Rational Numbers: An Integration of Research. Hillsdale, NJ: Lawrence

Erlbaum Associates.


http://dx.doi.org/10.1037/0022-0663.95.4.774
http://dx.doi.org/10.1037/0022-0663.95.4.774

MULTIPLE REPRESENATIONS 25

Berthold, K., & Renkl, A. (2009). Instructional Aids to Support a Conceptual Understanding of
Multiple Representations. Journal of Educational Research, 101(1), 70-87. doi:
dx.doi.org/10.1037/a0013247

Berthold, K., Eysink, T. H. S., & Renkl, A. (2008). Assisting Self-Explanation Prompts Are
More Effective Than Open Prompts When Learning with Multiple Representations.
Instructional Science, 27(4), 345-363. doi: 10.1007/s11251-008-9051-z

Bodemer, D., & Faust, U. (2006). External and Mental Referencing of Multiple Representations.
Computers in Human Behavior, 22(1), 27-42. doi: 10.1016/j.chb.2005.01.005

Boyer, T. W., & Levine, S. C. (2012). Child proportional scaling: Is 1/3= 2/6= 3/9= 4/127.
Journal of Experimental Child Psychology, 111(3), 516-533.

Boyer, T. W., Levine, S. C., & Huttenlocher, J. (2008). Development of Proportional Reasoning:
Where Young Children Go Wrong. Developmental psychology, 44(5), 1478-1490.

Charalambous, C. Y., & Pitta-Pantazi, D. (2007). Drawing on a Theoretical Model to Study
Students' Understandings of Fractions. Educational Studies in Mathematics, 64(3), 293-
316. doi: 10.1007/s10649-006-9036-2

Chi, M. T. H., Feltovitch, P. J., & Glaser, R. (1981). Categorization and Representation of
Physics Problems by Experts and Novices. Cognitive science, 5, 121-152. doi:
10.1207/s15516709c0g0502_2

Cramer, K., Wyberg, T., & Leavitt, S. (2008). The role of representations in fraction addition and

subtraction. Mathematics teaching in the middle school, 13(8), 490.
Cramer, K., & Wyberg, T. (2009). Efficacy of Different Concrete Models for Teaching the Part-

Whole Construct for Fractions. Mathematical Thinking and Learning, 11(4), 226-257.

doi: 10.1080/10986060903246479



MULTIPLE REPRESENATIONS 26

de Croock, M. B. M., Van Merrienboér, J. J. G., & Paas, F. G. W. C. (1998). High Versus Low
Contextual Interference in Simulation-Based Training of Troubleshooting Skills: Effects
on Transfer Performance and Invested Mental Effort. Computers in Human Behavior,
14(2), 249-267.

DeLoache, J. S. (2000). Dual Representation and Young Children's Use of Scale Models. Child
Development, 71(2), 329-338. doi: 10.1111/1467-8624.00148

diSessa, A. A. (2004). Metarepresentation: Native Competence and Targets for Instruction.
Cognition and Instruction, 22(3), 293-331.

diSessa, A. A., & Sherin, B. L. (2000). Meta-Representation: An Introduction. The Journal of
Mathematical Behavior, 19(4), 385-398. doi: 10.1016/S0732-3123(01)00051-7

Gadgil, S., Nokes-Malach, T. J., & Chi, M. T. (2012). Effectiveness of Holistic Mental Model
Confrontation in Driving Conceptual Change. Learning and Instruction, 22(1), 47-61.
doi: 10.1016/j.learninstruc.2011.06.002 doi:10.1016/j.learninstruc.2011.06.002

Gentner, D., & Markman, A. B. (1997). Structure Mapping in Analogy and Similarity. American

Psychologist, 52(1), 45-56. doi: http://dx.doi.org/10.1037/0003-066X.52.1.45

Gibson, E. J. (2000). Perceptual Learning in Development: Some Basic Concepts. Ecological
Psychology, 12(4), 295-302. doi: 10.1207/S15326969EC01204 04

Harden, R. M., & Stamper, N. (1999). What Is a Spiral Curriculum? Medical Teacher, 21(2),
141-143.

Huttenlocher, J., Duffy, S., & Levine, S. (2002). Infants and Toddlers Discriminate Amount: Are

They Measuring? Psychological Science, 13(3), 244-249.


http://dx.doi.org/10.1037/0003-066X.52.1.45

MULTIPLE REPRESENATIONS 27

Jeong, Y., Levine, S. C., & Huttenlocher, J. (2007). The Development of Proportional
Reasoning: Effect of Continuous Versus Discrete Quantities. Journal of Cognition and
Development, 8(2), 237-256.

Kellman, P. J., & Massey, C. M. (2013). Perceptual Learning, Cognition, and Expertise. In B. H.
Ross (Ed.), The Psychology of Learning and Motivation (Vol. 558, pp. 117-165). New
York, NY: Elsevier Academic Press.

Kieren, T. E. (1993). Rational and Fractional Numbers: From Quotient Fields to Recursive
Understanding. In T. P. Carpenter, E. Fennema & T. A. Romberg (Eds.), Rational
Numbers: An Integration of Research. Hillsdale, NJ: Erlbaum.

Koedinger, K. R., Corbett, A. T., & Perfetti, C. (2012). The Knowledge-Learning-Instruction
Framework: Bridging the Science-Practice Chasm to Enhance Robust Student Learning.
Cognitive science, 36(5), 757-798. doi: 10.1111/j.1551-6709.2012.01245.x

Lewis, M. R., Matthews, P. G., & Hubbard, E. M. (2015). Neurocognitive Architectures and the
Nonsymbolic Foundations of Fractions Understanding. In D. B. Berch, D. C. Geary & K.
M. Koepke (Eds.), Development of Mathematical Cognition: Neural Substrates and
Genetic Influences (pp. 141-160): Elsevier.

Mack, N. (1990). Learning fractions with understanding: Building on informal knowledge.
Journal for Research in Mathematics Education, 21, 16-32.

Massey, C. M., Kellman, P. J., Roth, Z., & Burke, T. (2011). Perceptual Learning and Adaptive
Learning Technology - Developing New Approaches to Mathematics Learning in the
Classroom. In N. L. Stein & S. W. Raudenbush (Eds.), Developmental Cognitive Science

Goes to School (pp. 235-249). New York, NY: Routledge.



MULTIPLE REPRESENATIONS 28

Matthews, P. G., & Lewis, M. R. (in press). Fractions We Can’t Ignore: The Ratio Congruity
Effect. Cognitive science.

Matthews, P. G., Lewis, M. R., & Hubbard, E. M. (2016). Individual Differences in
Nonsymbolic Ratio Processing Predict Symbolic Math Performance. Psychological
Science, 27(2), 191-202.

McCrink, K., & Wynn, K. (2007). Ratio Abstraction by 6-Month-Old Infants. Psychological
Science, 18(8), 740-745.

NCTM. (2000). Principles and Standards for School Mathematics. Reston, VA: National
Council of Teachers of Mathematics.

NCTM. (2006). Curriculum Focal Points for Prekindergarten through Grade 8 Mathematics: A
Quest for Coherence. Reston, VA.

Ni, Y., & Zhou, Y.-D. (2005). Teaching and Learning Fraction and Rational Numbers: The
Origins and Implications of Whole Number Bias. Educational Psychologist, 40(1), 27-52.

NMAP. (2008). Foundations for Success: Report of the National Mathematics Advisory Board
Panel: U.S. Government Printing Office.

NRC. (2006). Learning to Think Spatially. Washington, D.C.: National Academies Press.

Ohlsson, S. (1988). Mathematical Meaning and Applicational Meaning in the Semantics of
Fractions and Related Concepts. Number concepts and operations in the middle grades,
2,53-92.

Rau, M. A. (2016). Conditions for the Effectiveness of Multiple Visual Representations in
Enhancing Stem Learning. Educational Psychology Review, 1-45. doi: 10.1007/s10648-

016-9365-3



MULTIPLE REPRESENATIONS 29

Rau, M. A., Aleven, V., & Rummel, N. (2013). Interleaved Practice in Multi-Dimensional
Learning Tasks: Which Dimension Should We Interleave? Learning and Instruction, 23,
98-114. doi: 10.1016/j.learninstruc.2012.07.003

Rau, M. A., Aleven, V., & Rummel, N. (2015). Successful Learning with Multiple Graphical
Representations and Self-Explanation Prompts. Journal of Educational Psychology,
107(1), 30-46. doi: 10.1037/a0037211

Rau, M. A., Aleven, V., & Rummel, N. (2016). Supporting Students in Making Sense of
Connections and in Becoming Perceptually Fluent in Making Connections among
Multiple Graphical Representations. Journal of Educational Psychology. doi:

http://dx.doi.org/10.1037/edu0000145

Rau, M. A., Aleven, V., Rummel, N., & Pardos, Z. (2014). How Should Intelligent Tutoring
Systems Sequence Multiple Graphical Representations of Fractions? A Multi-Methods
Study. International Journal of Artificial Intelligence in Education, 24(2), 125-161. doi:
10.1007/s40593-013-0011-7

Renkl, A. (2005). The Worked-out Example Principle in Multimedia Learning. In R. Mayer
(Ed.), The Cambridge Handbook of Multimedia Learning (pp. 229-246). Cambridge, UK:
Cambridge University Press.

Schnotz, W. (2005). An Integrated Model of Text and Picture Comprehension. In R. E. Mayer
(Ed.), The Cambridge Handbook of Multimedia Learning (pp. 49-69). New York, NY:
Cambridge University Press.

Seufert, T. (2003). Supporting Coherence Formation in Learning from Multiple Representations.

Learning and Instruction, 13(2), 227-237. doi: 10.1016/S0959-4752(02)00022-1


http://dx.doi.org/10.1037/edu0000145

MULTIPLE REPRESENATIONS 30

Shanks, D. (2005). Implicit Learning. In K. Lamberts & R. Goldstone (Eds.), Handbook of
Cognition (pp. 202-220). London: Sage.

Siegler, R. S. (2016). Magnitude Knowledge: The Common Core of Numerical Development.
Developmental Science, 19(3), 341-361. doi: 10.1111/desc.12395

Siegler, R. S., Thompson, C. A., & Schneider, M. (2011). An Integrated Theory of Whole
Number and Fractions Development. Cognitive Psychology, 62(4), 273-296

Singer, F. M. (2009). The Dynamic Infrastructure of Mind — a Hypothesis and Some of its Applications.

New lIdeas in Psychology, 27, 48-74.
Singer, F. M. (2007). Beyond Conceptual Change: Using Representations to Integrate Domain-
Specific Structural Models in Learning Mathematics. Mind, Brain, and Education, 1(2),

84-97.

Stern, E., Aprea, C., & Ebner, H. G. (2003). Improving Cross-Content Transfer in Text
Processing by Means of Active Graphical Representation. Learning and Instruction,
13(2), 191-203. doi: 10.1016/S0959-4752(02)00020-8

Sweller, J. (1990). Cognitive Load as a Factor in the Structuring of Technical Material. Journal
of Experimental Psychology; General, 119(2), 176-192. doi:

http://dx.doi.org/10.1037//0096-3445.119.2.176

Taber, K. S. (2013). Revisiting the Chemistry Triplet: Drawing Upon the Nature of Chemical
Knowledge and the Psychology of Learning to Inform Chemistry Education. Chemistry
Education Research and Practice, 14(2), 156-168. doi: 10.1039/C3RP00012E

Tversky, B. (2011). Visualizing Thought. Topics in Cognitive Science, 3(3), 499-535. doi:

10.1111/j.1756-8765.2010.01113.x d0i:10.1111/j.1756-8765.2010.01113.x


http://dx.doi.org/10.1037/0096-3445.119.2.176

MULTIPLE REPRESENATIONS 31

Tversky, B., Zacks, J., Lee, P., & Heiser, J. (2000). Lines, Blobs, Crosses and Arrows:
Diagrammatic Communication with Schematic Figures. In M. Anderson, P. Cheng & V.
Haarslev (Eds.), International Conference on Theory and Application of Diagrams (pp.
221-230). Berlin/Heidelberg: Springer.

Uttal, D. H., & O’Doherty, K. (2008). Comprehending and Learning from ‘Visualizations’: A
Developmental Perspective. In J. Gilbert (Ed.), Visualization: Theory and Practice in
Science Education (pp. 53-72). Netherlands: Springer.

Vallentin, D., & Nieder, A. (2008). Behavioral and Prefrontal Representation of Spatial
Proportions in the Monkey. Current Biology, 18(8), 1420-1425.

van der Meij, J., & de Jong, T. (2006). Supporting Students’ Learning with Multiple
Representations in a Dynamic Simulation-Based Learning Environment. Learning and
Instruction, 16(3), 199-212. doi: 10.1016/j.learninstruc.2006.03.007

van der Meij, J., & de Jong, T. (2011). The Effects of Directive Self-Explanation Prompts to
Support Active Processing of Multiple Representations in a Simulation-Based Learning
Environment. Journal of Computer Assisted Learning, 27(5), 411-423. doi:
10.1111/j.1365-2729.2011.00411.x

Zacks, J., & Tversky, B. (1999). Bars and Lines: A Study of Graphic Communication. Memory

& Cognition, 27(6), 1073-1079.



MULTIPLE REPRESENATIONS

32

8. Tables

Table 1. Overview of representational competencies and principles for the design of instructional supports

Representational
competences

Involved knowledge and skills

Learning principles

Visual understanding

Ability to connect visual
representation to concepts

Ability to distinguish relevant and
irrelevant visual features

#1: Prompt students to explain how each visual

representation depicts concepts

— Self-explanation prompts (design guideline 1.1)

— Actively establish mappings (design guideline
1.2)

Visual fluency

Efficiency in seeing meaning in
visual representations
Access to perceptual chunks

#2: Interleave visual representations and activity

types

— Variety of representations (design guideline 2.1)

— Frequently switch between activity types (design
guideline 2.2)

— Frequently switch between representations
(design guideline 2.3)

Connectional
understanding

Ability to connect multiple visual
representations to one another
Ability to explain similarities and
differences between visual
representations

#3: Prompt students to explain mappings between

multiple visual representation

— Verbally explain how visual features of different
representations depict corresponding and
complementary concepts (design guideline 3.1)

— Actively establish mappings (design guideline
3.2)

— Provide assistance (design guideline 3.3)

Connectional fluency

Efficiency in connecting multiple
visual representations

Access to multiple perceptual chunks
Flexibility to switch between multiple
visual representations

#4:. Expose students to many opportunities to

translate among visual representations

— Ask students to discriminate and categorize
visual representations (design guideline 4.1)

— Provide immediate feedback (design guideline
4.2)

— Variety of representations (design guideline 4.3)
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9. Figures
Figure 1. Visual representations commonly used in fractions instruction: circle, rectangle, and

number line.
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Figure 2. Graph of height vs. time for a rock dropped from a height of 1000 meters under the force

of gravity.
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Figure 3. Some typically used visual representations include (a) fraction bars/area models, (b)
circle representations/pie charts, (c) number lines, (d) discrete chip models, (e) vector

representations. Panels a-d were adapted from Cramer et al. (2008).
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Figure 4. Example activity from the Fractions Tutor to support visual understanding.

Making Fractions

A Let's make a fraction to compare it
to another!
Number line A:
< | | | ¢ [»
0 1
4

Let's place a dot on number line A that shows — .
5

1 Into how many sections must you partition the number
line? | 5 \

2 How many sections should be between 0 and the
dot? | 4

4
Place a dot on number line A that shows — .
5

Which fraction is bigger?

1 The sections in number line A are |iarger than |
the sections in number line B, because In number line A,
there are |fewer | v sections thanin number line B.

Let's make a second fraction to
compare it to the first!

Number line B:

< e
0 1

4
Let's place a dot on number line B that shows — .
9

Into how many sections must you partition the number
line? [ 9

How many sections should be between 0 and the

dot? [4]

4
Place a dot on number line B that shows —.
9

There are |4 | sections between 0 and the dot in both
number lines, so the dot on number line A is
further awav from | ¥ |0 than the dot on number line B.

4 4
Therefore, — is | (areer than bl =2
5 9
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Figure 5. Example activity from the Fractions Tutor to support connectional understanding.

Equivalent Fractions
A Let's review rectangles to see what
makes fractions equivalent!

0l
[]
2]
[i2)

The blue and the purple rectangle show different
fractions. What fraction does each rectangle show?

Are these two fractions equivalent?| ves 71 v

~

2 By what numbers must you
= — =— multiply to get the equivalent
6 6x[2] 2 foiom

o

What did we learn about the
rectangle and the number line?

You can find equivalent fractions by multiplying
numerator and denominator by | e sa.
number.

~

~

w

Let's use number lines to see what
makes fractions equivalent!

R T | 2
0 1 [e]

D e e e e e R A | 2
0 1

The two number lines show different fractions.
What fraction does each number line show?

Are these two fractions equivalent? | ves |~

By what numbers must you
— — =—  multiply to get the equivalent
6 6x|2] 2 faction

Multiplying the numerator and the denaminatac bu the
same number is like partitioning th > e
sections | without ¥ | changir the same

Rectangles and number lines that § different |
the [ ame | ~jamount with|, 1)
numbers of sections show equivalent fractions.
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Figure 6. Example activity from the Fractions Tutor to support connectional fluency.

Mixed Shapes

Let's look at different shapes of e
fractions to sort them! ) 1
Which of these shapes show equivalent fractions?

Don't count the sections, try to judge the size of the \“‘

fractions visually.

Il _ ey
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«e
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Figure 7. Tasks used to investigate the cognitive primitives account. Vallentin and Nieder (2008)
had monkeys and humans complete a forced-choice ratio matching task (a). Participants saw
several distinct yet equivalent instantiations of each ratio (b). Matthews and Chesney (2015)
showed that adult humans could accurately complete cross format nonsymbolic ratio matching

tasks (c) faster than they completed symbolic ratio matching tasks (d).
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Figure 8. Partitioned representation (a) versus continuous representation (b) used by Boyer and

Levine (2012).
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